
'irrant<l'OBUl., <1-t>snt>.l'OBUl., LJCU'1nt<sra-t> b'-l U"lnrst> 1..utuururnt<l'OBnt>.1.. 
t.,rbt.1.Ul.t> "lbSU'1llli .(UUULUUrUl. 

'T\bSrnUSllli St><1-f'llli Uf'USt> 

rn •11r: 11• 1111,s11 3 1,1., 1.,r1.,t.1.nt>.Sra-1..bf' tinuu-nLnq.putillli lfn'l-bLl.bf'nMJ 

ll 04 02 «Sbuw4wu ~tiqp4w» uwuuwqpuimraJwLlp 
'lil1(t114wLlwrabuwuiti4w4wu qpuimraJm'tiubrti rab4uwbmti 

qllVlw4wu wuuip6wuti hwjgLlwu wuibuwtunumra.iwu 

Ub'llJU<1-t>r 

brb'-1.Ul. - 2022 

I I II MINISTRY OF EDUCATION, SCIENCE, CULTURE AND SPORTS OF RA 
YEREVAN STATE UNIVERSITY 

PETROSYAN TIGRAN 

SOME QUANTUM EFFECTS IN COSMOLOGICAL MODELS 

I hc•,rs for the degree of Candidate of physical and mathematical sciences 
Speciality 01.04.02 - "Theoretical Physics" 

ABSTRACT 

YEREVAN - 2022 



UU1buwtunum13Jwu (3buwu hwull1wll14.bL t bpuwup Ujbll1wl.jwu hwuwluwpwl.rn1u 

<tfill1wl.jwu rtb4wt.l_wp' !j>pq.-uw13. qpll1. 11nl.j1.1mp, Ll!fln!l>bunp U.U. Uwhwpjwu 
IT)w2ll1nuwl.jwu 
l!u1111ruwtunuubp' !j>pq.-uw13. qpll1 . 11nl.jll1np, Ujpn!j>bunp U.'l. 011pugnt.I_ 

!j>pq.-uw13. qpll1 . 11nl.jll1np, Ujpn!j>bunp q..u . i::w21wu 

Unw2wll1Wfl i::i:: q.uU '-l. i::wupwpllmUJWUp wut.l_wu 
Ljwquwl.jbplljn~mu' PJmpwl.jwup wull1riw'1Pll1wpwu 

UU1buwtunum13:1wu L4W2ll1L4wtimraJmli[! l.jwJwliwLm t 2022Ja. wL4rrt'1 29-rti ctwu!! 
12:00-ru bpuwtir Ujbl!1wl.jwu hwuwLuwpwumu qnrbnrt :br~4w1r 049 lJwutiwc+rll1wl.jwti 
tunrh1111r tirull1mu: 

i::wugb' 0025 bpuwti, ULbP lJwum4Jwu lfi. 1, b'l)i:: 

UU1buwtunun~wli[! LjwpbtJi t bwunrawliwL b'l)i:: qpw11wrwumu: 

Ubriuwqppti wnwpt.l_wb t 202213. uwpll1p 19-pu: 

lJwutiwqpll1wl.jwti tunrhr'lr 
ctrll1Wl.jwti QW[lll1nUJ.Wfl' 

~ !j>pq . ..Uwp. ctrll1. pbl.jtiwbm, 11ngbul11 
~ '-l.IT) . ~WLWli(itWpjwli 

The thesis theme is approved at the Yerevan State University 

Scientific supervisor: Doctor of Phys. Math. Sciences, Prof. A.A. Saharian 
Official opponents: Doctor of Phys. Math . Sciences, Prof. S.D. Odintsov 

Doctor of Phys. Math. Sciences, Prof. G.S. Hajyan 

Leading organization: V. Ambartsumian Byurakan Astrophysical O~rvatory 

ofNAS RA 

The defense of the thesis will take place at 12:00 on 29 April 2022 on the session of the 
Specialized Council 049 Physics of the Yerevan State Univers ity. 

Address: 1 Alex Manoogian Street, 0025 Yerevan, Armenia. 

The thesis is available in the library of the Yerevan State University. 

The abstract is distributed on 19 March 2022. 

Scientific secretary of 
the Specialized Council ~ 

Candidate of Phys. Math. Sciences, A 
V.P. Kalantaryan 

1d. 1t ~ Prof. 

GENERAL DESCRIPTION OF THE WORK 

Relevance of topic. Currently the theory for quantum gravity is not available and the 
interaction of the gravitational field with quantum matter is considered within the framework 
of semiclassical theory where the gravitational field is considered as a classical background . 
It is expected that the effects of quantum gravity will be essential on Planck scales and this 
approach has wide range of appl ications. In particular, the investigations of quantum field 
theoretical effects in gravitational fields have resulted in the formation of the research field 
known as quantum field theory in curved spacetimes. Among the interesting effects in that 
research area are the vacuum polarization and the creation of particles by strong gravita­
tional fields. These effects have important implications in the physics of the early universe 
and in the physics of black holes. Interesting applications of quantum field theory on curved 
backgrounds have recently appeared in condensed matter physics. In constructing quantum 
field theories in general background geometries, among the most important points is the se­
lection of a physically meaningful vacuum state. The vacuum state depends on the choice 
of complete set of mode functions used in the second quantization procedure. Those func­
tions, and consequently the properties of the vacuum state, are sensitive to both the local and 
global characteristics of background spacetime. Already for the Minkowski bulk, depending 
on the spacetime coordinates corresponding to different observers, different vacuum states 
are realized. An example is the Fulling-Rindler vacuum that presents the vacuum state for a 
uniformly accelerated observer d ifferent from the standard Minkowskian vacuum of inertial 
observers. The corresponding coordinates cover only a part of Minkowski spacetime (right 
and left Rindler wedges) . Other patches of Minkowski spacetime inside the future and past 
light cones correspond to the so-called Milne universe. The Milne universe is described by 
Friedmann-Robertson-Walker (FRW) type line element with negative curvature spatial sections 
and with the scale factor being a linear function of the t ime coordinate. It is well adapted for 
considerations of different types of the vacuum states in backgrounds with t ime-dependent 
metric tensors (see, for example, [1] and references therein). 

Another important topic of quantum field theory in curved spacetime is the investigation 
of quantum effects in homogeneous and isotropic cosmological backgrounds. Due to the 
high symmetry of the corresponding geometry, a relatively large number of problems are 
exactly solvable, and the corresponding results may shed light on the influence of the grav­
itational field on quantum fields for more complicated geometries. The expectation value of 
the energy-momentum tensor for quantum fields may break the energy conditions appearing 
in the formulations of the Hawking-Penrose singularity theorems and the quantum effects of 
nongravitational fields may provide a way to solve the cosmological singularity problem. Dur­
ing the inflationary expansion in the Early Universe, the quantum fluctuations of fields are 
responsible for the generation of density perturbations serving as seeds for the large scale 
structure formation in the Universe. In inflationary models (for a review see [2]) the cosmo­
logical expansion is described by an approximately de Sitter (dS) spacetime. The short phase 
with th is type of accelerated expansion provides a natural solution for a number of problems 
in Standard Cosmology. On the other hand, the Universe at recent epoch is accelerating. The 
corresponding expansion is well approximated by a model where the mean energy density of 
the Universe is dominated by a positive cosmological constant. With this source as a dark 
energy, the dS spacetime appears as a future attractor for the large scale geometry of the 
Universe. Consequently, the investigation of physical effects in dS background geometry is 
of interest for understanding both the early Universe and its future. Another motivation is 
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related to the holographic duality between quantum gravity on dS spacetime and a quantum 
field theory living on its timelike infinity. Among the simplest cosmological backgrounds al­
lowed by string theories is the linearly expanding spatially flat cosmological model. Recently 
various aspects of quantum field theory in a linearly expanding universe have been an object 
of intense investigations. Among the most interesting effects allowing a comprehensive study 
are the vacuum polarization and particle production by the time-dependent gravitational field . 

The aim of the thesis is to investigate the local characteristics of the vacuum state for 
different bulk and boundary geometries and the dependence of the corresponding properties 
on the choice of the vacuum state. We have considered: 

• The vacuum expectation values (VEVs) of the field squared and of the energy-momentum 
tensor for a scalar field in the Milne patch of the Minkowski spacetime in the presence 
of a spherical boundary. 

• The two-point functions and local characteristics for the scalar vacuum in a linearly 
expanding cosmological background in the geometry of two planar boundaries. The 
physical nature of the vacuum forces acting on the plates and their dependence on the 
boundary conditions imposed on the field operator. 

• The combined effects of background gravitational field and of a spherical boundary on 
the local properties of the scalar vacuum in de Sitter spacetime. 

• The dependence of the properties for scalar and fermionic fields in de Sitter spacetime 
on the choice of the vacuum state and the conformal relation with different vacuum states 
in Minkowski spacetime. 

Scientific novelty. The scalar field modes are specified for different vacuum states in the 
Milne universe. Closed analytic expressions are provided for the Hadamard function and for 
the VEVs of the field squared and energy-momentum tensor inside and outside a spherical 
boundary for the general case of Robin boundary condition . The vacuum energy-momentum 
tensor has an off-diagonal component that describes an energy flux along the radial direction. 
The Casimir effect for a scalar field is considered in the geometry of two planar boundaries 
on background of FRW cosmological model with a scale factor being a linear function of the 
time coordinate. An integral representation of the Hadamard function is provided with an 
explicit separation of the boundary-induced contributions. That is important from the point 
of view of the renormalization of the local VEVs in the coincidence limit. For points near the 
plates, the dominant contribution to the VEVs comes from the vacuum fluctuations with short 
wavelengths and the effects of gravity on the boundary· induced mean field squared and on the 
diagonal components of the vacuum energy · momentum tensor are weak. The influence of the 
gravitational field on those VEVs is essential at distances from the plates larger than the cur­
vature radius of the spacetime. Qualitative ly new feature of the cosmological expansion is the 
appearance of nonzero off-diagonal component of the vacuum energy-momentum tensor that 
corresponds to the energy flux along the direction perpendicular to the plates. The direction 
of that flux depends on the values of the coefficients in the boundary conditions. The Casimir 
forces acting on the plates are investigated. The boundary induced effects on the local VEVs 
of a scalar field with general curvature coupling are studied for the hyperbolic (H ) vacuum 
in dS spacetime. As a boundary, a spherical shell is considered with a constant comoving 
radius in hyperbolic coordinates. The corresponding complete set of mode functions are con­
structed without specifying the vacuum state. It is shown that the conform,,! ,ind adiabatic 
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vacua coincide. As local characteristics of the H-vacuum, the VEVs of the field squared and 
of the energy-momentum tensor are studied . An interesting feature is the presence of the 
vacuum energy flux along the radial direction . The energy flux can be directed either from the 
sphere or towards the sphere. In early stages of the expansion the effects of the spacetime 
curvature on the sphere-induced VEVs are weak and, to the leading order, they coincide with 
the corresponding VEVs for a sphere in the Milne universe. The effects of gravity are essential 
at late stages. The fermionic condensate (FC) is investigated in dS spacetime for Bunch-Davies 
(BD) vacuum state. 

Practical importance. The mode functions for a scalar field in different bulk and boundary 
geometries can be used for the investigation of expectation values of physical observables 
in more general setups, such as the finite temperature effects and the effects in interacting 
field theories. The expressions for the two-point functions can be employed for the study 
of the response of Unruh-de Witt type of particle detectors in a given state of motion. The 
generalization of the summation formula for series over the zeros of the combination of the 
associated Legendre function of the first kind and its derivative with respect to the degree can 
be used in other boundary-value problems of the mathematical physics in background of the 
spaces with a constant negative curvature. We expect that similar series will appear also in 
the investigations of the VEVs for fermionic fields. The two-point function for the hyperbolic 
vacuum in dS spacetime can be used in the investigations of entanglement between two regions 
of dS spacetime foliated by negative curvature spaces. 

Basic results to be defended: 

1. Complete set of the modes and the Hadamard function are obtained for a scalar field in 
background of the Milne universe in the presence of a spherical boundary with Robin 
boundary condition on it. The sphere-induced contribution in the Hadamard function 
is explicitly separated . Representations are provided for both the interior and exterior 
regions which are well-adapted for the investigation of local VEVs. The VEVs of the field 
squared and of the energy-momentum tensor are decomposed into the boundary-free 
and sphere-induced contributions. For non-conformally coupled or for massive fields, 
a new qualitative feature, induced by the sphere, is the appearance of the nonzero off­
diagonal component of the vacuum energy-momentum tensor that describes energy flux 
along the radial direction. Depending on the values of the parameters, the flux can be 
directed either from the sphere or towards the sphere. 

2. For a conformally coupled massive scalar field in background of linearly expanding FRW 
spacetime and in the presence of two parallel planar boundaries, the Hadamard function 
is decomposed into the boundary-free and boundary-induced contributions for general 
case of Robin boundary consitions. In this way the renormalization of the VEVs of physical 
observables is reduced to the one in the boundary-free geometry. For a massive field 
the vacuum energy-momentum tensor has an off-diagonal component that corresponds 
to the energy flux along the direction normal to the boundaries. The energy flux can be 
either positive or negative, depending on the Robin coefficients. 

3 . Near the plates, the influence of the gravitational field on the VEVs of the field squared 
and of the diagonal components of the energy-momentum tensor is weak and the leading 
terms in the corresponding asymptotic expansions coincide with those for Minkowski 
bulk. The influence of the gravitational field is essential at proper distances from the 
plates larger than the curvature radius of the spacetime. At large distances the decay 
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of the VEVs, as functions of the proper distance, is power law for both massless and 
massive fields. For massive fields that behavior is in clear contrast with the case of the 
Minkwoski bulk where the decay is exponential. Depending on the boundary conditions 
and on the separation between the plates, the Casimir forces acting on the plates can 
be either attractive or repulsive. In the special case of Dirichlet boundary condition on 
both the plates the forces are attractive. For Neaumann boundary condition the forces 
can be either attractive or repulsive, depending on time and on the separation. 

4. For a scalar field with general curvature coupling parameter, the complete set of mode 
functions and the Hadamard function are constructed for the H-vacuum in de Sitter 
spacetime in the presence of a spherical boundary. For the Robin boundary condition 
on the sphere the eigenvalues for the radial quantum number are specified in the ex­
terior and interior regions. The sphere-induced contributions in the V8/s of the field 
squared and of the energy-momentum tensor are investigated. In addition to the diago­
nal components, corresponding to the vacuum energy density and the stresses, the VEY 
of the energy-momentum tensor has a nonzero off-diagonal component that describes 
energy flux along the radial direction. Depending on the value of the Robin coefficient 
and also on the radial coordinate, the flux can be directed either from the sphere or 
towards the sphere. 

5 . In early stages of the cosmological expansion the effects of the spacetime curvature 
on the sphere-induced VEVs are weak and, to the leading order, they coincide with the 
corresponding VEVs for a sphere in the Milne universe. The effects of gravity are essential 
at late stages. Depending on the mass of the field quanta, two qualitatively different 
regimes of the decay for the V8/s are realized. For the values of the mass smaller 
than the critical value, determined by the curvature radius and the curvature coupling 
parameter, the decay of the sphere-induced VEVs, as functions of the time coordinate, 
is monotonic. For masses larger than the critical value, the decay is oscillatory damping 
with exponentially decreasing amplitude. 

6. For points near the sphere the dominant contribution to the VEVs comes from the modes 
with large values of the angular momentum. The influence of the gravitational field on 
those modes is weak and the leading terms in the expansions of the VEVs for the field 
squared and for the energy density and azimuthal stresses coincide with those for a 
spherical boundary in flat spacetime with the distance from the sphere replaced by the 
proper distance in dS bulk. Near the sphere the V8/s of the field squared, the energy 
density and azimuthal stresses have the same sign in the exterior and interior regions, 
whereas the energy flux and radial stress have opposite signs. In the exterior region, 
at large distance from the sphere the V8/s decay exponentially for both massive and 
massless fields. 

Approbation of the work. The results of the thesis were reported at the conferences 
"Modern Physics of Compact Stars and Relativistic Gravity" (Yerevan, Armenia, 2019, 2021), 
Yerevan State University Student Scientific Society 5th International Conference (Yerevan, Ar­
menia, 2018) and have been discussed at the seminars of the Chair of Theoretical Physics of 
Yerevan State University. 

Publications. Seven papers are published on the topic of the thesis. 
Structure of the thesis. The thesis consists of Introduction , three Chapters, Conclusion 

and the list of references. It contains 196 pages, including 26 figures . 
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CONTENT OF THE THESIS 

In Introduction the scientific literature related to the topic of the thesis is reviewed, the 
relevance of the topic is argued, the aim of the work, the scientific novelty and the practical 
value are presented, the basic results to be defended are described. 

In Chapter 1 the local properties of the conformal (C-) vacuum for a massless scalar field 
in the Milne universe are investigated. The line element for the (D + 1)-dimensional Milne 
universe is expressed as (system of units with c = l, 7i = 1 is used) 

ds2 = dt2 - t2(dr2 + sinh2 rdf11_1), (1) 

where for the time and dimensionless radial coordinates one has 0 ::;: t < oo, 0 ::;: r < oo, and 
df!J;i_1 is the line element on a (D - !)-dimensional sphere with unit radius. The spatial part 
corresponds to a constant negative curvature space covered by the hyperspherical coordinates 
(r, '13 , if>). For the set of angular coordinates we have fl = (81, 82, ... Bn). 0 ::;: Bk ::;: 7r, k = 
1, 2, . .. , n and 0 ::;: if> ::;: 271", where n = D - 2. 

The spacetime described by the line element (1) is flat, however the spatial geometry 
corresponds to a negatively curved space. We consider a quantum scalar field cp(x) with 
x = (t , r , {) ,if>) and with curvature coupling parameter€. The field equation reads 

(D + m2 + fR) cp = 0, (2) 

where D is the d'Alembert operator and for the background under consideration the Ricci 
scalar is zero, R = 0. The normalizable modes are given by the expression 

_ X;,(mt) P~~1/2(u) 
cp,,(x)-bit{V-1)/2 . hD/2-1 Y(m,,;13, ¢), µ=l+D/2-1 , 

sin r 
(3) 

where u = cosh r, a stands for the set of quantum numbers specifying the solutions, Pf:(y) 
is the associated Legendre function and Y(mp;fl, ¢) are the hyperspherical harmonics. The 
function x,.(mt) can be expressed in terms of Hankel or Bessel functions as 

X;.(mt) = c1H;~) (mt)+ c2H;~l (mt)= d1L;.(mt) + d2 J;,(mt). (4) 

The coefficient b1 is obtained from the normalization condition . For the adiabatic and conformal 
vacuum states one has c1 = 0 and~ = 0, respectively. Substituting the mode functions into the 
mode-sum formula the corresponding Wightman function for the Milne universe is obtained. 
The result is specified for a massless scalar field prepared in the C-vacuum. We are interested 
in the difference of the local characteristics of the C- and Minkowski vacua. The differences 
in the V8/s of the field squared, D. (cp2) = (cp2)c - (cp2)M, and energy-momentum tensor are 
obtained from the corresponding difference of the Wightman functions in the coincidence 
limit. The difference in the V8/s of the energy-momentum tensor is given by 

. ( 1 1 ) 21-D7r-D/2 1"" yv-2 Av (y) 2 
D.(7;") = d1ag -1 ,D, .. . ,D r(D/2)tV+1 o dye2~Y+(-l)v[Y +D(D-l)(fo-€)] , 

(5) 
D/2-2 {D-3)/2 

where Av (y) = TI [(l + 1/2)2 /y2 + l] for even D?: 4 and Av (y) = TI (l2/y2+1) for 
l=O l=O 

odd D ?: 3, and fo = (D - l)/(4D) is the curvature coupling parameter for a conformally 
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coupled field . Note that the VEV of the energy-momentum tensor is traceless for non-conformal 
coupling as well. 

In Section 1.3 the influence of a spherical boundary on the local properties of the vacuum is 
investigated for a massive scalar field in the bulk described by (1 ). We assume the presence of 
a spherical boundary with radius r 0 on which the scalar field obeys Robin boundary condition 

(A - 8(j)B8r) rp(x) = 0, r = ro, (6) 

where A and B are dimensionless constants, j = i, e, with 8(i) = 1 for the interior region and 
8(e) = -1 for the exterior region . Special cases B = 0 and A= 0 correspond to Dirichlet and 
Neumann boundary conditions. Inside the sphere, r < r0 , the regular mode functions realizing 
the C-vacuum have the form (3) with a different normalization coefficient. The corresponding 
eigenvalues of radial quantum number z are determined by the boundary condition (6) . They 
are the roots for the equation 

P;; '.'.1;2(Uo) = 0, uo = coshr0. (7) 

For a given function f(x), the barred notation in (7) is defined in accordance with 

f( x) = [Av'x2 -1 + (D/ 2 -1)8(i)Bx]f(x) - 8(j)B(x2 - l)J'(x). (8) 

The corresponding positive solutions are denoted by z = zk, k = 1, 2, .... The set of quan­
tum numbers is specified by a = (k, mp)· The radial part of the corresponding mode func­
tions in the exterior region, r > r 0 , is written as a linear combination of the associated 
Legendre functions P;; '.'.112(u) and Q;:._112(u). One of the coefficients in that combination 
is determined by the boundary condition (6) and the second one is found from the nor­
malization condition . The mode-sums are evaluated for the Hadamard two-point functions 
G(x, x') = (Ol r,o(x)r,o(x') + r,o(x')rp(x)IO) inside and outside the sphere. They are decomposed 
as G(x, x' ) = G0(x , x') + Gb(x, x'), where G0(x, x' ) is the Hadamard function in the boundary­
free geometry and Gb(x, x' ) is induced by the sphere. For the interior region, the summation 
of the series over the roots z of the equation (7) is done by using the generalized Abel-Plana 
summation formula (3,4) . The VEVs of the field squared and energy-momentum tensor are 
obtained from the Hadamard function and its derivatives in the coincidence limit of the argu­
ments. That limit is divergent and a renormalization is required. For points away from the 
sphere the divergences are contained in the boundary-free part only. The VEVs are presented 
as (#) = (#)0 + (r,o2)b and (rn = (Tl}0 + (rnb. where the parts with the index 0 are the 
renormalized VEVs in the boundary-free geometry for the C-vacuum. For the region r < r0 

the sphere-induced contribution in the mean field squared is given by 

( 
2) ~ e- iµ" D11"" d ~-1;2(Uo) FJil(t, r , x) 

'P =-L.,,--- xx . ' 
b 1=0 SDtD- 1 0 P;!112(Uo) Sln(7rX) 

(9) 

where SD = 271:D/2 /f(D /2) is the surface area of the sphere with unit radius in D-dimensional 
space and D1 = (21 + n) f (l + n)/ [(D-1)!1!] is the degeneracy of the angular mode with given 
l . In (9), the notation 

FJil(t, r, x) = J,,(mt)L.,(mt) [P,,-::'.'112(u)J2 
sinhD-2 r ' 
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(10) 

is introduced. The expressions for the diagonal components (T{)b (no summation over k = 

0. 1, . . . JJ) are obtained from the right-hand side of (9) by the replacement /·~i)( l ," x) -t 

t- 2P(k)pJl)(t , r. x) , where .F(k) are second order differential operators with respect tot and r. 
The vacuum energy-momentum tensor has a nonzero off-diagonal component (TJ) = (TJ)b 
that describes energy flux along the radial direction, The appearance of the flux is purely 
sphere-induced effect and the expression for (TJ)b is obtained from (9) replacing pJil(t, r, .r) 
by r 3 [D (fo - {) + (~ - 1/4) t8t] 8, FJil(t, r, x). The energy flux vanishes for a conformally 
coupled massless field . The expression for the sphere-induced VEVs ('f'2)b and (T;k)b in the 
region 1· > r 0 are obtained from those in the interior region by the replacements Q~_112 ( tto) ;:::! 

P,,-!112 (uo) and by the replacement P;;!112 (u) -t Q~_ 112 (u) in the expression (10) for pJil(t, r. x). 
In the absence of the spherical boundary the geometry is homogeneous and the renormalized 
VEVs (:p2

}0 and (T:_k) 0 depend on the time coordinate only. 
In the early stages of the expansion, t -t 0, to the leading order one has (rp2)b ~ 

(u/l)D-i (ip2 )~•t) and (T{)b ~ (a/ l )v+i ('lt)~' 1) , where (:,:i 2)~") and ('Lt')~st) are the correspond­
ing VEVs for a massless field in static spacetime with a negative constant curvature space 
(5). The latter depend on the radial coordinate alone. The energy flux density behaves as 
(TJ) ex l /tD+~ for a non-conformally coupled field (~ i: fo) and as (TJ) ex l /tV in the case 
~ = fo. At late stages of the expansion and for massive fields, assuming that inl ~ l , the VEVs 
exhibit damping oscillatory behavior. The leading terms in the expansions of the vacuum 
stresses are isotropic and decay like (Tt)b ex sin (2ml) /tD for /, = 1 . . .. , U. The decay of 
the energy density is stronger, like (T8) b ex cos (2mt) /tD+I, and the energy flux behaves as 
(Tc/)b ex cos (2ml ) / tD+2

. The late time asymptotic for (ip2)b contains two parts. The first one 
is monotonically decreasing as 1/ tJJ and the behavior of the second one is damping oscillatory, 
as sin (2ml) /tD. 

In Figure 1, for the D = 3 Milne universe and for a conformally coupled field , the boundary­
induced VEVs in the energy (left panel) and energy flux (right panel) densities are displayed 
as functions of the time coordinate. The full and dashed curves correspond to Dirichlet and 
Robin boundary conditions. For the latter we have taken d = -0.6. The graphs are plotted 
for 1·0 = 2 and the numbers near the curves are the values of the radial coordinate 1·. 

Near the sphere the total VEVs (c,.o2) and (T;k) are dominated by the sphere-induced con­
tributions (;c2)b and (T/)b· The leading terms in the expansions of (rp2), of the energy density 
and the tangential stresses coincide with those for a sphere in the Minkowski bulk where the 
distance from the sphere is replaced by the proper distance t lr - ro l for the geometry (1) . Those 
terms behave as (ip2)b ex l /( llr - 1·ol)v-i and (T{)b ex l/(l lr -1·01)D-i, k = 0, 2, ... , D. For the 
normal stress and the energy flux one gets (Tf)b ex (ro - r)(T8)b and (TJ) ()( (r0 - r)(T8)b/t. 
For a minimally coupled field and near the sphere the energy flux in the interior region is 
directed from the sphere for Dirichlet boundary condition and towards the sphere for non­
Dirichlet boundary conditions. For a conformally coupled field the leading terms vanish and 
the divergences on the sphere are weaker. At large distances from the sphere, the radial 
dependence of the leading terms in the sphere-induced VEVs is given by ~( l -D)r fr and they 
are exponentially suppressed for both massive and massless fields. 

In Chapter 2 the scalar Casimir densities and forces are considered for the geometry of 
two parallel plates in background of a linearly expanding spatially flat (D + 1)-dimensional 
cosmological model. The latter is described by the line element 

ds2 = dt2 
- a2(t)dx2

, a(t) = bt, (11) 
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Figure 1: The sphere-induced energy density (left panel) and energy flux density (right panel) 
for D = 3 conformally coupled scalar field as functions of the time coordinates. The graphs 
are plotted for 1 0 = 2 and the numbers near the curves present the values of the radial 
coordinate. The full and dashed curves correspond to Dirichlet and Robin (with .3 = - 0.6) 
boundary conditions, respectively. 

with spatial coordinates x = (x 1, x2 .... , xv). In (11) , 0 ~ t < oo and b > 0 is a constant having 
dimension of inverse length. The setup is described in Section 2.1. A massive scalar field cp(x) 
with the curvature coupling parameter ( is considered. The corresponding field equation is 
given by (2) with 'R, - n ( D - l)b2r 2lft1, Two flat boundaries (plates) are located at :rD = z = Z1 

and z = .:2, .:2 > .:1. On the plate .: ~ ::1, j = 1, 2, the field operator is constrained by the 
boundary condition [1 + ( l)J 131A.]<;i,..., 0, where 111, .i = l, 2, are constants. The complete 
set of mode functions and the adiabatic and conformal vacua are specified in Sections 2.2-2.3 . 
By evaluating the mode-sum, in Section 2.4 the Hadamard function for the region between the 
plates is presented in the form of the sum of boundary-free and plate-induced contributions. 
An integral representation for the latter is provided well adapted for evaluation of the local 
VEVs. 

As important local characteristics of the vacuum state, the VEVs of the field squared and 
energy-momentum tensor have been considered in Sections 2.5-2.6 . They are decomposed 
into the boundary-free and boundary induced parts. The corresponding analytical expressions 
are provided for the region between the plates, z1 < .: < .:2 , and for the regions z < z1 

and z > z2• As a consequence of the time dependence of the background geometry, the 
boundary-induced VEY of the energy-momentum tensor has a nonzero off-diagonal component 
corresponding to the energy flux along the direction normal to the plates. The effects of the 
gravity are crucial at distances from the plates larger than the curvature radius. The decay 
of the boundary-induced VEVs, as functions of the distance from the plate, is power law for 
both massless and massive fields. For a massless 1ield the problem is conformally related to 
the corresponding problem with two parallel plates in the Minkowski bulk. In this special case 
the off-diagonal component vanishes and the boundary-induced contribution in the VEY of the 
energy-momentum tensor is traceless. The trace anomaly is present in the boundary-free part 
only. 

The vacuum pressure on the plates is decomposed into the self action and interaction 
contributions. The latter is induced by the presence of the second plate. Because of the 
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homogeneity of the background spacetime, the self action parts are the same on the left- and 
right-hand sides of the plates. As a consequence, the corresponding net force becomes zero 
and the Casimir forces are conditioned by the presence of the second plate. The force per 
unit surface acting on the plate at z = ZJ is given by 

P 
21

- v11.(l-DJ/
2 1"" d v - 12 (u/bz0 )

2 + [2 + c3(u) + l /c3(u)] J"v
8 

( tt ) 
j = - ·ti tl D mt, - , 

r(D2
1) (zob)Dtv+1 0 c1(t~)c2(u)e2u -1 bzo 

(12) 
where zo = z2 - z 1, ci(u) = (jjiu/zo - 1) / (.d1u/zo + 1) and f'v = - (l 2Dt +Wt)/ (4D). The 
function in the integrand of (12) is defined as 

Sv(mt, x) = 11 
ds s(l _ 8 2)(1J-3)/2 J,,.(mt)Lxs(mt ) 

o sin (1T'xs) · 
(13) 

For a massless field Sv(mt, x) = r (( D- l)/2)/[2.jiiT (D/2):r] and one gets Pi = P}Ml / (bt)v+ 1, 

where PjM) is the correspond ing pressure for plates in the Minkowski bulk with the separation 
z0 • The latter is the same for both plates regardless the values of the coefficients f31. At 
small separations between the plates, compared with the curvature radius of the background 
spacetime, one has bz0 «: 1 and to the leading order l 'J r-:; l'jMl / (bl)v+t. In that limit the 
effects of gravity on the Casimir forces are small and the leading term coincides with that in 
the Minkowski bulk multiplied by the conformal factor. For Dirichlet boundary condition on 
one plate and for non-Dirichlet boundary condition on the other the forces are repulsive at 
small separations. In the remaining cases, at small separations the forces are attractive. For 
separations larger than the curvature radius, bz0 » l , for non-Dirichlet boundary conditions 
(:Ji -f 0) one gets PJ oc [J?(mt) - Ji(mt)) / (bt=o)v- 1

• The corresponding Casimir forces can 
be either attractive or repulsive. For Dirichlet boundary condition on both plates the leading 
term behaves as Pi .:x Jg(mt)/ (btzo)D-r l and the forces are attractive. 

Figure 2 displays the dependence of the Casimir pressure P1 on mt for a D = 3 scalar 
field with the Neumann boundary condition . The graphs are plotted for fixed values of bzil 
(the numbers near the curves). The latter corresponds to the coordinate distance between the 
boundaries measured in units of 1/b. As seen, for a given coordinate separation z0 , at early 
stages of the expansion one has Pi < 0 and the Casimir forces are attractive. At late stages we 
have an oscillatory damping behavior. The first zero of the force with respect to mt decreases 
with increasing bzo. 

In Chapter 3 quantum field-theoretical effects are studied for scalar and fermionic fields 
on the background of dS spacetime. In Section 3.1 , we consider the foliation of (D + 1)­
dimensional dS spacetime by negative curvature spatial sections. The corresponding coordi­
nates are described and their relations to global and inflationary coordinates are discussed. 
In Section 3.2 the general solutions of the 1ield equation are found for a massive scalar 1ield 
with general curvature coupling parameter and various vacuum states are discussed for dS 
spacetime described by hyperbolic coordinates. The corresponding line element reads 

ds2 = dt2 
- a 2 sinh2 (t/o:) (dr2 + sinh2 rdllt_1), (14) 

with a: being the curvature radius of dS spacetime. The field equation is given by (2) with the 
Ricci scalar 'R = D(D + l)/a2 . The normal modes and Hadamard functions are presented 
for the hyperbolic (H-) and Bunch-Davies (BD) vacua for a massive scalar 1ield with general 
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Figure 2: The Casimir pressure as a function of mt for a D = 3 scalar field with the Neumann 
boundary conditions on both plates. The graphs are plotted for fixed values of b.::0 (the numbers 
near the curves). 

curvature coupling parameter. The corresponding expressions are essentially simplified for 
a conformally coupled massless field. Closed analytic expressions are derived for the VEVs 
of the field squared and energy-momentum tensor. It is shown that the relations between 
the VEVs in the H- and BD vacua are s imilar to those between the C- and Minkowski vacua 
in flat spacetime. In particular, the difference in the VEVs of the energy-momentum tensor, 
(Tn - {'/:k)60 , is given by formula which is obtained from the righ-hand side of (5) making 
the replacement t ~a sinh (t/a). 

In Section 3.3 we discuss the e1fects of a spherical boundary with radius r = r0 on local 
characteristics of the H-vacuum for a scalar field . On the sphere the field obeys the Robin 
boundary condition (6). In inflationary coordinates, the boundary under consideration cor­
responds to an expanding sphere. The mode functions, realizing the H-vacuum inside and 
outside the sphere, are specified. By us ing the mode-sum formula, closed analytic expressions 
are provided for the corresponding Hadamard functions. The sphere-induced contributions 
are separated explicitly. Based on the results for the Hadamard functions, the VEVs of the field 
squared and energy-momentum tensor inside and outside the spherical shell are investigated 
and the corresponding numerical analysis is provided. The sphere-induced contributions in 
the VEVs of the field squared and energy-momentum tensor, denoted as (;2), and (Ijk),, are 
expressed in the form of integrals involving the associated Legendre functions. The problem 
is inhomogeneous with respect to the time and rad ial coordinates and the off-diagonal com­
ponent (TJ). is different from zero. Similar to the case of a sphere in the Milne universe, 
it describes energy flux in radial direction. Inside the sphere the corresponding expression 
reads 

(TJ), 
sinh 

3 
(t /a) ~ 1J 1"" d. xe-iµ" Q~-1/2 (uo) 

a V+2Sv ~ t 0 .t sin ('rrx) P';!
1
;
2 

(uo) 

X [(1/4 - 0 (iJ2 - 1) Oy + E11] f)r p (i) (:r. 1/ , 11), 

12 

(15) 

where the notations (8) and 

p x (y) p -x (y) [P- µ (1t)]2 
F (i) ( ) _ v-1/2 v-1/2 x-1/2 

X, y, tL - (y2 - l )(V- 1)/2 (u2 - l )V/2-1 (16) 

are used. Other notations are defined as v = .j 1J2 /4 - m 2u 2 - ~D (D + 1) and y = cosh(l /u). 
The energy flux per unit proper surface area is given by (TJ), = a sinh (t/a) (TJ ),. The ex­
pressions for the diagonal components ('ft), (no summation over/,;) have a structure similar to 
(15) with more complicated opertors (containing 8y and Dr ) acting on the function F (i) (x, y , u). 

The general formulas for the VEVs are complicated and in order to clarify the qualitative 
features we have considered limiting cases and various asymptotic regions of the parameters. 
In the flat spacetime limit, corresponding to u -+ oo, the line element (14) is reduced to the 
line element (1) for the Milne universe. It is checked that, in this limit, from the results for the 
H-vacuum the corresponding VEVs are obtained for a sphere in the Milne universe, assuming 
that the scalar field is prepared in the conformal vacuum. For a conformally coupled massless 
scalar field the problem is conformally related to the problem with a spherical boundary in 
static spacetime with constant negative curvature space. As another check , it is shown that 
the VEVs in those problems are connected by the standard conformal relation . In this special 
case the energy flux vanishes. In early stages of the expansion, corresponding tot/a« 1, the 
effects of the spacetime curvature on the sphere-induced VEVs are weak and, to the leading 
order, they coincide with the corresponding VEVs for a sphere in the Milne universe. The 
effects of gravity are essential for l/u ~ 1. In particular, at late stages, l/o: > l, the behavior 
of the VEVs is qualitatively different for positive and purely imaginary values of the parameter 
v. For v > 0 the decay of the sphere-induced VEVs, as functions of the time coordinate, is 
monotonic, as e (V 2vJi/n for (i&~),, (T:), , and like e (V·H ·2vlt/o for the energy flux density 
(TJ),. For imaginary 11 the decay is oscillatory with the amplitud~ decreasing as ,;-Vt/a for 
diagonal components (T:), and like c(V+l)t/r. for the flux density (TJ),. 

For points near the sphere the dominant contribution to the VEVs comes from the modes 
with large values of the angular momentum. The influence of the gravitational field on those 
modes is weak and the leading terms in the expansions of the VEVs for the field squared and for 
the energy density and azimuthal stresses coincide with those for a spherical boundary in flat 
spacetime with the distance from the sphere replaced by the proper distance a sinh (t /a) lr-r01 
in dS bulk. They behave as Ir - r011-v for the field squared and as Ir - ro l v-i for the energy 
density and azimuthal stresses. Near the sphere these VEVs have the same sign in the exterior 
and interior regions. The leading terms for the energy flux and radial stress behave like 
Ir· - 1·01-v and have opposite signs inside and outside the sphere. The leading terms do not 
depend on the mass. In the case of the energy-momentum tensor they vanish for a conformally 
coupled field . In the exterior region, at large distances from the sphere, the sphere-induced 
VEVs are suppressed by the factor e-(V-l)r /r. For a conformally coupled massless field the 
leading terms vanish and the suppression at large distances is stronger, like e-(V-i)r / r·2 . 

In Figure 3, the boundary-induced energy (left panel) and energy flux (right panel) densities 
are displayed as functions of the radial coordinate for a minimally coupled scalar field. The 
graphs are plotted for ma = t/a = l, r0 = 1.5 in the cases of Dirichlet boundary condition 
and for Robin conditions with /3 = -3, -0.5 (the numbers near the curves). Contrary to the 
energy density, the boundary-induced energy flux density has opposite signs inside and outside 
the sphere. As seen, the energy flux in the interior and exterior regions is directed from the 
boundary for Dirichlet boundary condition and towards the boundary for Robin conditions. 
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Figure 3: The sphere-induced energy density and the energy flux density as functions of the 
radial coordinate fur D = 3 minimally coupled scalar field with Dirichlet and Robin boundary 
conditions (.d = - 3, - 0.5). The graphs are plotted for mu= l/u = 1, 1·0 = 1.5. 

Section 3.4 is devoted to the investigation of the FC ({;ij,•) for Dirac fermion field 1,b(x) with 
mass m in background of dS spacetime described by planar coordinates (l . z1 , .... zv). The 
corresponding line element is expressed as ds2 = dl2 - ~2t/" 2:~ 1 (Jzi) 2 • It is assumed thatthe 
field is prepared in the maximally symmetric BO vacuum state. As an additional renormalization 
condition for the renormalized fermionic condensate we require that (/f;w)ren -+ 0 in the limit 
m -+ oo. For even values of the spatial dimension D the renormalized FC has the form 

, , ( l )v12(4iT)<1 JJ)f 2Nn- v un . 2 2 2 
(l'J\·!)ren .,- '""I '"' ' ' ' /n\ I_ ......... ' ' ' II [ m a: + (I - 1/2) ] , 

1-1 

with N = 21<v+tl/21 being the number of spinor components. For odd values of D one has 

(17) 

- - Vp,; ( )JJ µ-1 f µ-1 ( 12 ) 
(N) ron = - ~( ) mr (°') { L -( 1

)21 + 2 {Re[IJ! (ima:)] - ln(ma:)} II l + 22 }. (18) 
471" µ µ l;t mC\ l ; l m a 

where ti = (D + 1)/2, W (x) is the digamma function and the numerical coefficients f 1 are 
expressed in terms of the Bernoulli coefficients ll2n . The expression (17) coincides with the 
result obtained in [5] by using the point-splitting procedure and the adiabatic subtraction. 
For a massless fteld the FC vanishes for odd lJ and is nonzero for even lJ. Depending on the 
number of spatial dimensions the FC can be either positive or negative. The change in the sign 
may lead to instabilities in interacting field theories. As an example, a system of interacting 
scalar and fermionic fields with the interaction Lagrangian density proportional to r.p2{;1/J is 
considered. Depending on the value and sign of the FC, the effective mass squared for the 
scalar field r.p(x) may become negative. 

CONCLUSIONS 

1. The VEVs of the field squared and energy-momentum tensor for a massless scalar field 
are investigated in the Milne universe with general number of spatial dimensions, as­
suming that the field is prepared in the C-vacuum. An integral representation for the 
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difference of the Wightman functions corresponding to the C- and Minkowski vacua is 
derived. The Minkowski vacuum state can be interpreted as a thermal one with respect 
to the conformal vacuum. The thermal factor is of the Bose-Einstein type in odd dimen­
sional space and of the Fermi-Dirac type in even number of spatial dimensions. 

2. The influence of a spherical boundary on the vacuum fluctuations of a massive scalar 
field is investigated in background of the Milne universe with general number of spatial 
dimensions, assuming that the field obeys Robin boundary condition on the sphere. For 
the C-vacuum, the Hadamard function is decomposed into boundary-free and sphere­
induced contributions and an integral representation is obtained for the latter in both 
the interior and exterior regions. As important local characteristics of the vacuum state 
the VEVs of the field squared and of the energy-momentum tensor are investigated. The 
vacuum energy-momentum tensor has an off-diagonal component that corresponds to 
the energy flux along the radial direction. 

3. The quantum vacuum effects fur a massive scalar field, induced by two planar boundaries 
in background of a linearly expanding spatially flat FRW spacetime for an arbitrary num­
ber of spatial dimensions are investigated for general curvature coupling parameter and 
for Robin boundary conditions on the boundaries. The adiabatic and conformal vacua 
are specified. The VEVs of the field squared and of the energy-momentum tensor are 
investigated for a massive conformally coupled field . The influence of the gravitational 
field on the local characteristics of the vacuum state is essential at distances from the 
boundaries larger than the curvature radius of the background spacetime. In contrast to 
the Minkowskian bulk, at large distances the boundary-induced VEVs follow as power law 
fur both massless and massive fields. The Casimir forces acting on the separate plates 
do not coincide if the corresponding Robin coe1!icients are different. 

4. The Hadamard function and the VEVs of the field squared and energy-momentum tensor 
are evaluated for a massless conformally coupled scalar field in dS spacetime with gen­
eral number of spatial dimensions and foliated by spatial sections of negative constant 
curvature, assuming that the field is prepared in the H-vacuum state. The BO vacuum 
state is interpreted as thermal with respect to the H-vacuum. The relations obtained 
for the difference in the VEVs for the Bunch-Davies and H-vacua are compared with the 
corresponding relations for the Fulling-Rindler and Minkowski vacua in flat spacetime. 

5. Complete set of modes and the Hadamard function are constructed for a scalar field 
inside and outside a sphere in dS spacetime with general number of spatial dimensions 
and foliated by negative constant curvature spaces, assuming that the field obeys Robin 
boundary condition on the sphere. The contributions in the Hadamard function induced 
by the sphere are explicitly separated and the VEVs of the field squared and energy­
momentum tensor are investigated for the H-vacuum. In the flat spacetime limit the 
latter is reduced to the conformal vacuum in the Milne universe and is different from 
the maximally symmetric BO vacuum state. The vacuum energy-momentum tensor has 
a nonzero off-diagonal component that describes an energy flux in the radial direction . 
Depending on the constant in Robin boundary condition and also on the radial coordi­
nate, the energy flux can be directed either from the sphere or towards the sphere. The 
influence of the gravitational field is essential at late stages of the expansion. 
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6 . FC is investigated in dS spacetime with general number of spatial dimensions by using the 
cutoff function regularization. In order to fix the renormalization ambiguity for massive 
fields an additional condition is imposed, requiring the condensate to vanish in the infinite 
mass limit. For a massless field the FC vanishes for odd number of spatial d imensions 
and is nonzero for their even number. Depending on the number of spatial d imensions 
the fermionic condensate can be either positive or negative. The change in the sign of 
the condensate may lead to instabilities in interacting field theories. 
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uu<1>n<1>uq.t-r 
Ul11buwtununqa.1munuI hblilwqmmj_wo bu l11Wf1wOwctwuwuw4r 4nrmra.1wu LL 

uwhuwuubrr hwuw4gqwo wq11bgmra.1mu[! 124.wulilWJpu 4_w4mmup hwl114mra.1muuhrti 
l{rw' u4WLJW[l LL :pb[lupnuwjpu l"}W2l11b[lp hwuwr : nrl4bu :pnuwjpu b[l4f1wlw4imraJmuub[l 
'1Pl11Wf14l{wo bu lJpLur lilpbqb[lj'.l[)., q.bwjpu nur1.wrllw44_nri. 3'[1p'luwu-rl-np.b[ll11Unu­
nmwbrp l11W[lWOWdwuwuw4n LL p.wgwuw4wu hwul/1Wl11nLU 4nrmraiwup 
111wrwomra.1muubrn4. 2br111w4.nr4_wo 11b Up111111brr 111wrwowctwuwuw4n: 

1. nLUnulliwuprl{wo bu 11w2111r nwnw4mum LL l;ubrq.pw-rul4mlur rabuqn[lp 
qw4mmuw.1pu ur2ruubrn qrn.1w4wu qwuq.qwonq u4wuwr 11w2111r hwuwr 
l11Wf1wow4wu lw4inri.w4wum1a.1muubrti 4wuw.1w4wu ral{n4. lfrLur 111pbqbr12mu 
buraw11rmra.1wup, nr 11w2111n q.111uqmu I; C-4_w4mmumu: C- LL lftiu4n4_u4m 
4_w4mnullibrru hwuwl4w111wutuwunri. <-1.wirauwuti :pmu4grwubrli 111wrpbrmra.1wu 
hwuwr u111wg4.bL I; pu111bq.rwLWJpu ubr4w.1wgmu: lJpu4nqu4m 4_w4mmuwjpu 
4.ti6w4n 4wrbtJi I; ut4uwpwubL nrl4bu 2bruw.1ru 4.ti6w4 4nu:Pnru 4.w4mnu.lr 
hwtlbuw111: ~b[lUWJPU :pw4111nrn Pnqb-UJU2l11WJUP l11Pl4P I; 4bul11 ia4.n4. LL 3:>brur­
'1-tirw4ti 111rL4r' qm.1q. ra4.n4_ 111wrw0w4wu lw4inri.w4wum1a.1muubrmu: 

2. <b111wqnl11l{wo I; u:Pbrr4 uwhuwup wq11bgnLJa.1mun qwuq.qwbbri. u4wuwr 11w2111r 
4_w4mmuWjpU :Plm4111mwgpwub[lp 4.flw 4wuwjw4wu ta4_nq l11W[1WOW4wu 
lw4inri.w4wunLJa.1muubrn4. lftiLur 111pbqbrnmu, buraw11rbLn4., nr 4brw.1ti 4.rw 
11w2111n pwl{wrwrmu I; rl-nppup bqrw.1tiu l4w.1uwupu: C-4.w4mnu.lr ri.bl4nmu 
<wri.wuwrr :pmu4gpwu 111rnh4.bL I; wnwug uwhuwup LL u:Pbrw.1n4. uw4woqwo 
ub[ll).[lnufub[lp: 4.br2tiupu hwuwr u111wg4.bL I; pu111bq.rwLWJPU ubr4w.1wgmu u:PbflWJP 
ubr12tiu LL W[ll11WJ1PU lilp[lnLJ(aUb[lmU: nrl4bU 4_w4mmuwitiu 4.tifiw4ti 4wrl.i.nr Ln4WL 
pumrawq.rb[l hbl11wqnl114.bL bu 11w2l11P nwnw4mum LL l;ubrq.pw-rul4mlur rabuqnrr 
ur2ruubrn: <-1.w4mmuw.1tiu l;ubrq.pw-pul4mluti rabuqnru mup nl wu4Jmuwq.ow.1pu 
J!Wl"J.W'lflPl• n[l[)_ hWUWL4Wl11WUluwumu I; 2wnwql"J.WjpU nLl"J.l"J.nLftJWUp l;Ub[lq.pwjp 
hnupp: 

3. <blilwqnlill{wo bu br4m hwrra uwhuwuubrn4. uw4w04_wo 124.wulilwjpu 
qw4mmuw.1tiu brLLm.1raubrn qwUq.qwobri. u4wuwr f1.W2l11P hwuwr q.ow.1ru 
[!Ul"}W[lllW44_nri. l11W[lWOW4wun[lbU hW[lfa fu[lpl"}uWu-fl.npb[ll11Unu-ntnL12b[lp un11btmu, 
4nflnLftJWU hbl/1 4wl4ti L4W[lWUbl11[1p nul"}hwumr 11bl4pmu LL uwhuwuubrli 4.rw 
rl-nppup bqrw.1pu L4WJuwuub[lp hwuwr: Punrn24_wo bu w11pwpw111 LL 4nu:Pnru 
4_w4nmtU'ubrC!: <blilwqnlill{wo bu l"}W2l11P 12wnw4mum 1.J. l;ubrqpw-rul4mlur 
rabuqnrti 4.w4mmuw.1tiu ur2tiuub[l[! 4nu:Pnru 4wl44.wo qwuq.qwobri. 11w2111ti 
hwuwr: q.rw4.titnwgpnu 11w2111r wq11bgmra.1mu[! 4.w4mmuwitiu 4.tifiw4ti Ln4wl 
pumiawq.rbrli 4.flw t;w4wu I; uwhuwuubrpg w.1ul4tiuti hbnw4.nrmia.1muubrli 4.flw , 
nrnuj'.l wqbtJi Ubo bu pwu :pnuwjpu lilW[lWOwctwuwuw4p 4n[lnLftJWU 2wnw4.tiri.n: I°' 
tnwrpbrmra.1mu Litiu4n4.u4m tnwrwowctwuwuw4ti. Ubo hbnw4.nrm1a.1muubrli 4.flw 
uwhuwuubrn4. uw4woqwo 4.w4ntnLUWJPU ur2ruub[l[! uqwqmu bu WUlilpfiwuwiru 
orbupnq PUll4bu qrn.1w4wu qwuq.qwonq, WJUL4bU l:L qwuq.qwobri. 11w2tnb[lp 
hwuwr: Unwullpu rarrabri.ubrr 4.rw wq11nri. Liwqpurrr mctb[l[! lbu hwu[!u4umu, bflp 
hwuwl4wl11wutuwu rl-nppup q.nrow4pgubrn l11wf1pbr bu: 

4. <w24.wr44.wo bu <wri.wuwrti :pmu4gpwu 1.J. l"}W2l11P 12wnw4mum m l;Ubrq.pw­
rul4mlur (abuqn[lp 4_w4mmuWjpU up2puUb[l[)_ qrnJW4WU qwuq.qwonq 4nu:Pnf1U 
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4wl4l[wo u4wuwr ri-w21.11~ hwuwr 1.11wpwow4wu lwttin11.w4wumra1muubp~ 
4wuw1w4wu ral[nl[ u pwgwuw4wu hwu1.11w1.11mu 4nrmra.1wup 1.11wrwow4wu 
2bp1.11bpnl[ 2bp1.11wl{npl{wO dS 1.11wpwbwctwuwuw4mu, bu13wri-pb[nl{ np 'l-W2l11(} 
q1.11ul[mu t H-l[w4mmuw1ru l[btiw4mu: Pwu1-'1urur l[btiw4(} Llb4uwpwul[mu 
t nplljbu 2bpuw1pu' H-l[w4mmup u4w1.11uwup: Pwu1-%pup u H-l[w4mmuubpp 
l[w4mmUwjpu U)i2~uubp~ 1.11wppbpntf<tJWU hwuwp u1.11wgl{wO wnu1nqa1muubp(} 
hwLlbuw1.11l[wo bu hwrra 1.11wrwowctwuwuw4mu fumuruq-fltiuri-tbrr u Lftiu4nl[u4m 
l{w4mmuubpp U)i2u hwUWUjWIJlWUtuwu WnUlnL(<tJnLUUbpp hb1.11: 

5. liwnmgl[wo bu unr1.wubpp Lr~i.l ri-wun u <wri-wuwrr !pmu4gpwu u4wuwr 'lw21.11r 
hwuwp u!pbpwjp ubpumu u l'j.flUntU pwgwuw4wu hwu1.11w1.11mu 4npnt(<tjWUp 
1.11wrwomra1muubrnl[ 2br1.11wl[nrl[wo dS 1.11wrwowctwuwuw4mu, buraw'lflbtni.l 
np 'l-W2l11(} pwl[wpwpmu t 11-nppup bqpwj~U UjWJUWupu u!pbpwj~ l{rw: 
<wri-wuwpp !pmu4gpwjmU pwgwhWJl.11 4bpUjnl{ wnwuauwgl{wO bu u!pbpwjnl{ 
uw4wol[wo ubp'lflmtlUbrn u hb1.11wqn1.11l[wo bu 'lW2l11P 12wnw4mum u tubpqpw­
rulllmtur (<tbuqnpp l[w4mmilwjpu UJi2puubrn H-l[w4mmU)i hwuwp : <wrra 
1.11wrwowctwuwuw4p uwhuwumu l[br2ruu hwuqmu t Lftitur 1.11pbqbr12mu 4nu!J>nru 
l[w4mmU)iu u 1.11wppbpl[mu t UWQUpUW[ upLlb1.11rr4 Pwu1-%rur l[w4mmUWJPU 
l[ptiw4pg: 4.w4mmuwiru tubpq~w-rulllmtur ra!:;uqnpu mup qpnirg 1.11wppbp n1 
wu4JmuwqOwjpU PWl'J.W'lflPl, np(} u4wpwqpmu t 2wnwl[11.w1ru nLl'J.l'J.nLf<tJWUp 
tubpqpwJr hnu12(}: Liwtul[wo 11-nprur bqpwiru UjWJUwup hwu1.11w1.11mupg u 
2wnwl{l'J.WjpU 4nnp'lbUW1.11pg, tubpqpwjp hnUJ2(} 4wpnl'J. t nll'J.l'J.l{WO t/iUb[ PUlUjbU 
u!J>brw1rg 'lblllr l'J.mpu, WJUUjbu tL 'lblllr u!J>brwu: ~wl[b1.11wgpnu 'lw21.11r 
wqri-bgm131muu tw4wu t (}Ul'J.Wflaw4uwu m2 ttimtbpmu: 

6. <b1.11wqn1.11l[wo t !J>brU)inuw1ru 4nuri-buuw1.11n 1.11wpwow4wu 
lwttin11.w4wum131muubpp 4wuw1w4wu ral[nl[ dS 1.11wpwowctwuwuw4mu, 
oq1.11wqnpbbtni.l 41.11rn11. !pmu4grw1nl[ nbqmuwppqwgpwu: ~wuql[wbb11. 'lw21.11brr 
hwuwr l[bpwunpuwl[npuwu wunrn2mra.1mun pwgwnbtm UlljWl.11W4nl[ lf1Wgmgr1 
UjWJUWU t llfll{mu, UjWhw'cJ2btnl{ np 4nul'j.bUUWl.11(} qpnJWUW wul{bf12 qwuql{wOp 
uwhuwumu: ~pnJW4wu qwuql{wbnl[ 'l-W2l11P hwuwp !pbpupnUWjpU 4nul'j.bUUWl.11(} 
qpnjwumu t 4bu1.11 131.[nl[ 1.11wpwbw4wu lwttin11.w4wum131muubpr 'lbUjJ2nLU u qpnjpg 
1.11wppbp t qmJq lwttin11.w4wumra1muubpmu: Swpw0w4wu lwttin11.w4wunl(3Jntuubpp 
131.[bg 4wtul{w0 !pbpU)inuwjpU 4nul'j.bUUWl.11(} 4wpn'l. t tJiub[ PUlUjbU l'j.flW4Wu, WJUUjbU 
tL pwgwuw4wu: <Pntuwqri-n11. 11W21.11bpp 1.11bunl(<t1muubpmu 4nuri-buuw1.11p u2wup 
ttinttintumra1mu(} 4wrn11. t hwuqbgubt wu4w1mumra.1muubpp: 
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nETPOCRH rnrPAH 
HEKOTOPblE KBAHTOBblE 3c:M>EKTbl B KOCMOJ10n1lfECKll1X MO,IJ,EJlRX 

B ,o.11ccepTa41rn 11cc11e,o.osaHbl KoM611H11posaHHb1e ::icp<f>eKTbl Kp11Bl13Hbl npocTpaHCTsa­
BpeMeH11 11 rpaHl1L( Ha CBOi1CTBa KBaHTOBOro saKyyMa ,D,11/l CKanllpHoro 11 cpepM110HHOro no11ei1 . 
B KaYecrne cpoHOBblX reoMeTp11i1 pacCMoTpeHbl sce11eHHall M1111Ha, 1111Hei1Ho pacw11pll10L11eec/l 
npocTpaHcrno-speMll ct:>p11,D,MaHa-Po6epTcoHa-Yo11Kepa 11 npocTpaHCTBO-BpeMll ,o.e C11Hepa c 
npocTpaHCTBeHHblM pacc11oeH11eM OTp11l.(3Tel1bHOH nocTOllHHOH Kp11Bl13Hbl . 

1. l-1cc11e,o.osaHbl aaKYYMHbre cpe,o.H11e KBa,o.paTa no11/l 11 TeH3opa :>Hepr1111-11Mny11bca ,D,11/l 
6e3Maccosoro CKanllpHoro no11/l BO sce11eHHoi1 M1111Ha c npo113BOl1bHblM 411Cl10M 
npocTpaHCTBeHHblX l13MepeH11i1 a npe,o.nono1KeH1111, 4TO none Haxo,o.11TCll s C­
saKyyMe. no11yYeHO 11HTerpanbHoe npe,o.crns11eH11e Aflll pa3HOCTl1 cpyHKL(l1H Bai1TMaHa, 
coOTaeTCTBYIOl!.111X C-saKYYMY 11 saKYYMY M11HKOBCKoro. BaKyyMHoe cocTOllH11e 
M11HKOBCKOro MOIKHO 11HTepnpernposaTb KaK Ten11osoe no OTHOWeH1110 K KOHcpopMHOMY 
saKYYMY· Ten11osoi1 cpaKTOp llBl11leTC/l rnna 6o3e-3i1HwTei1Ha s npocTpaHcTse HeYernoi1 
11 rnna ¢>epM11-JJ.11paKa ,D,11/l 4eTHOH pa3MepHOCT11 npocTpaHCTBeHHblX 113MepeHl1H. 

2. ~cc11e,o.osaHo sn11/lH11e ccpep11YecKoi1 rpaH114b1 Ha saKYYMHble cp11yKrya41111 
Macc11sHoro cKanllpHoro no11ll Ha cpoHe sce11eHHoi1 M1111Ha c npo113BOl1bHblM 411c110M 
npocTpaHcTseHHblX 113MepeH11i1, npe,o.no11arall, 4TO Ha ccpepe none y,o.os11ernoplleT 
rpaHl14HOMY yc11oa11ro Po611Ha. ¢>yHK4111l A,o.aMapa ,D,111l C-aaKyyMa pa31101KeHa Ha 
BKl1a,D,bl, o6ycnos11eHHblH OTCYJCTBl1eM rpaH11L( 11 11H,D,yl.(11poBaHHblH ccpepoil . )J,11/l 
noc11e,o.Hero nonyYeHo 11HTerpanbHoe npe,o.cTas11eH11e BO sHyTpeHHei1 11 so sHewHei1 
0611acrnx. B KaYeCTBe BaJKHblX 110Ka11bHblX xapaKTep11crnK saKYYMHOro cocTOllHl11l 
11cc11e,o.osaHbr saKyyMHble cpe,o.H11e Ksa,o.paTa no11/l 11 TeH30pa :>Hepr1111-11Mny11bCa. 
BaKyyMHblH TeH30p 3Hepr1111-11Mny11bCa 11MeeT He,o.11aroHanbHYIO COCTaB111llOl!.IYIO, 
COOTBeTcTByro111yro noTOKY 3Hepr1111 B,D,011b pa,o.11anbHOro HanpaB11eHl1/l . 

3. ~cc11e,o.osaHbl KBaHTOBble BaKYYMHble 3<fxPeKTbl ,D,11/l MaCCl1BHOro CKanllpHoro nOllll , 
11H,D,y411posaHHbre ABYMll n110CK11M11 rpaH114aM11 Ha cpoHe 1111Hei1Ho pacw11pll10L11eroc/l 
npocTpaHcTseHHO n11ocKoro npocTpaHCTsa-speMeH11 ct:>p11,D,MaHa-Po6epTC0Ha-Yo11Kepa 
,D,11/l npo113BOl1bHOro 411Cl1a npocTpaHCTBeHHblX 113MepeH11H, np11 npo113BOl1bHOM 
3Ha4eH1111 napaMeTpa CBll311 c Kp11s113HOH 11 Aflll rpaH114HblX yc11os11i1 Po611Ha Ha 
rpaH114ax. Onpe,o.eneHbl a,o.11a6arnYecK11i1 11 KOHcpOpMHblH saKyyMbl. ~cc11e,o.osaHbl 
aaKyyMHb1e cpe,o.H11e Ksa,o.parn no11/l 11 TeH3opa :>Hepr1111-11Mny11bca ,D,11/l Macc11sHoro 
KOHcpopMHO CB/l3aHHoro no11/l . B1111/lH11e rpas11Ta4110HHoro no11/l Ha 110Kal1bHb1e 
xapaKTep11CTl1Kl1 BaKYYMHOro COCTO/lHl1/l cy111ecTBeHHO Ha paCCTO/lHl1/lX OT rpaH114, 
npesb1waro11111x pa,o.11yc Kp11a113Hbl cpoHosoro npocTpaHCTsa-speMeH11. B orn11411e 
OT npocTpaHCTsa-speMeHl1 M11HKOBCKoro, Ha 6o11bw11x paccTOllHl11lX saKyyMHble 
cpe,o.H11e, l1H,o.y411poaaHHble rpaHl1L(aMl1, MeH/llOTC/l KaK CTeneHHble cpyHKl.(1111 KaK ,D,11/l 
6e3Maccoabrx, TaK 11 ,D,llll Macc11BHblX no11ei1 . C1111b1 Ka311M11pa, ,o.ei1cTBYIOl!.111e Ha 
oT,o.e11bHb1e n11acT11Hbl, He cosna,o.aroT, Kor,o.a coorneTcTsyro11111e Ko::i<Pcp11411eHTbl Po611Ha 
pa311114Hbl. 

4. Bb1Y11c11eHbl cpyHK4111l A,o.aMapa 11 saKyyMHbre cpe,o.H11e Ksa,o.parn no11/l 11 TeH3opa 
3Hepr1111-11Mny11bca Aflll KOHcpopMHO CB/l3aHHOro 6e3MaCCOBOro CKanllpHoro no11/l B 
npocTpaHCTse-apeMeHl1 dS c np0113B011bHblM 411Cl10M npocTpaHCTBeHHblX 113MepeHr-tH 
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M c npocTpaHCTBeHHblM paccnoeHlleM OTpMu,aTellbHOH nOCTORHHOH KpMBM3Hbl , B 

n p eAno1101KeH1111, 4TO none HaXOAllTCR s H-saKyyMHOM cocTORHllll . CocTORHMe 6aH'la­

A3s11ca 11HTepnpeT11pyeTCR KaK Tennosoe no oTHoweH11to K H - saKYYMY· CoornoweH11R, 

no11y4eHHb1e Af1R pa3HOCTll saKyyMHblX cpeAHllX BaKYYMa 6aH4a- A3sMCa M H-saKyyMa, 

cpaBHllBalOTCR c COOTBeTCTsytoW,llMll COOTHOWeHllRMll A11R saKyyMOs ct>y111111Hra­

PMHA11epa M MMHKOBCKoro s nnocKOM npocTpattcTse-speMeHM . 

5. nocTpoeHbl no11Hb1i1 tta6op MOA 11 cpyttKU,llR AAaMapa Af1R cKanRpttoro nonR BHYTPll 11 

BHe ccpepbl B npocTpaHCTse- BpeMeHll dS c np0113BOl1bHblM 411Cl10M npocTpaHCTBeHHblX 

113MepeH111i1 II paccnoeHHblM Ha npocTpaHCTBa c OTp11u,aTellbHOi1 nOCTORHHOi1 Kp111Blll3HOi1 

s npeAno1101KeH1111, 4TO none yAosneTsopReT rpaHM4HOMY yC11oe11to Po611Ha Ha ccpepe. 

Bb1AeneHb1 s RBHOM BMAe BKl13Abl e cpyHKu,1110 AAaMapa, 11H.eyu,11posaHHb1e ccpepoi1, 

11 11ccneAOBaHbl saKyyMHble cpeAHMe KsaApaTa nonR 11 TeH3opa 3Heprn11- 11Mny11bca 

AllR H-saKyyMa. B npeAene nnocKoro npocTpaHCTsa-speMeHM nOC11eAHllH CBOAllTCR 

K KOHcpOpMHOMY BaKYYMY BO eceneHHOi1 M1111Ha II OT11114aeTCR OT MaKClllMallbHO 

CllMMeTp114HOro COCTORHllR BaKYYMa 6aH'la-A3e11ca. BaKYYMHbli1 TeH30p 3Heprn11-

llMny11bCa llMeeT Hettyneeyto HeA113fOHallbHYIO KOMnOHeHry, KOTOpaR onlllCblBaeT noTOK 

3tteprn11 e paAlllallbHOM HanpasneHMM . B 3asMC11MOCrn OT KOHCTaHTbl e rpaH114HOM 

yc11os11111 Po611Ha, a TaKJKe OT P3AM311bHOH KOOPAllHaTbl, noTOK 3Heprn11 MOJKeT 6b1Tb 

HanpasneH KaK OT ccpepb1, TaK 11 K ccpepe. Bn11RH11e rpas11Tau,110HHoro nonR 
cyw,ecTBeHHO Ha n03AHlllX CTaAMRX pacw11peHllR. 

6. li1ccneAOBaH cpepM110HHbli1 KOHAeHCaT 6 npocTpaHCTBe-BpeMeHll dS c np0113B011bHblM 

411C110M npocTpaHCTBeHHblX 113MepeH11i1 c 11cnOl1b30BaHllleM perynRp113aU,llll cpyHKU,Mei1 

o6pe3aHMR. YTo6b1 11cKnto411Tb HeoAH03Ha4HOCTb nepeHopM11posK11 AllR MaCCMBHblX 

no11ei1, ttaKnaAblBaeTCR AOno11H11Tel1bHoe yc11os11e, Tpe6ytow,ee o6paw,ett11R KOHAeHcaTa 

s ttynb s npeAene 6ecKOHe4Hoi1 MaCCbl . A1111 6e3Maccosoro nonR cpepMMOHHblH 

KOHAeHCaT o6HynReTCR np11 He'leTHOM 411Clle npocTpaHCTBeHHblX ll3MepeH11i1 II OTl1114eH 

OT HynR np11 11x 4eTHblX 3Ha4eHMRX. B 33B11c11Mocr11 OT 411cna npocrpaHCTBeHHblX 

1113MepeH11H cpepMllOHHblH KOHAeHCaT MOJKeT 6b1Tb KaK nonOJKllTenbHblM, TaK II 

0Tp111u,aTenbHb1M. B Teop11Rx 633MMOAei1cTsytow,11x nonei1 113MeHeH11e 3HaKa KOHAeHcaTa 

MOlKeT np11seCTll K tteycTOH411BOCTRM. 

P¥ 
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